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1. INTRODUCTION AND NOTATION 
The aim of this paper is to study a discrete inequality of the 
Gronwall-Bellman type in n independent variables. As far as the author 
knows, the existing results for n > 1 [ 10, 11 1 related to ours are limited to 
n = 3 only. In this paper, we weaken the conditions of the known results for 
n = 3 as far as possible and generalize them to n independent variables in 
order to get a more compact and elegant form. 
Let R , := [0, co) and let N be the set of nonnegative integers. The 
expression u(0) + ,Y:I~ b(s) represents a solution of the linear difference 
equation Au(n) = b(n) for all n E N, where A is the operator defined by 
Au(n) = u(n + 1) - u(n). The expression [I:-: c(s) represents a solution of 
the linear difference equation x(n + 1) = c(n) x(n) for all n E N under the 
initial condition x(0) = 1. We assume that r;!, b(s) = 0 and n;i,, c(s) = 1. 
For x = (x, ,..., x”), J = (~9~ ,..., J?,), ‘i = (l,.,., 1 ), 6 = (0 ,..., 0) E N”, we 
define 
.g u(y) := -> 
I 
- I 0 
. . . >’ u(y, ,*.., y,) 
n 0 
and x:= (x,, x2, where 1 :=(x2 ,..., x,,). The natural partial ordering on N” is 
defined by 
XGY if and only if xi<yi for i= 1, 2 ,..., n. 
The difference operators on N” are defined as follows: 
Au&, , x2,..., X”) := u(x, + 1, x2 ,..., x,) - u(x,, x2 ,..., x,), 
du,*(x, 9 x2 3.-e, x,) := u(x,, x2 + 1, xj ,..., X”) - U(X,, x2, xj ,..., x,), 
. . . . . . . . . . . . 
Au,“(x,, x2 ,..., x,) := u(x, ,..., x, , , x, + 1) - U(X, ,..., x, , , x,), 
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and 
&&, , x2,..., x,) := du,,(x, , x2 + 1, x3 ,*.., x,) - h,,(x,, x2 ,..., X”), 
and so on. 
2. MAIN RESULTS 
We begin with the following theorem. 
THEOREM 1. Let u(x),f(x) and h(x) be real-valued nonnegative 
functions defined on N” and let H(r) E C[R _ , R A 1 be a nondecreasing 
function such that 
exists for r > 0 with r0 > 0 fixed, but arbitrary. If the inequality 
x-i 
holds. then 
u(x) <f(x) + &.a h(t) H(W)), xEN” (1) 
x-i 
where 
(i) Q-’ is the inverse function of Q, 
(ii) f(x):= max(f(y): 0 <y < x}, 
(iii) b E N” is chosen so that 
x-i 
Q(f<x>> + ,s 40 E Ran&Q), 
Proof. Let 
x-i 
for o,<x<b (2) 
for 6 <x< 6. 
v(x) := )‘ h(t) H(u(r)), 
Fa 
then 
u(x) <S(x) + v(x), (3) 
A “ux(x) = h(x) H(u(x)). (4) 
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Since H is nondecreasing, it follows from (ii), (3) and (4) that 
Aflu, Q h(x) KI-t-v) + t’(x)) < 4~) H(.?V) + u(x)) 
for arbitrary X> 6 and 6 <x < X. Set V(x) :=f(X) + u(x) + E(E > 0). so 
U(X) < V(x) and 
““V,(x) = A”c,(x) < 4x1 WV(x)) < h(x) H(V(x, ,..., x,.. , , x, + 1)). (5) 
for 0 <x <X, which implies 
A”-‘V x,...x,-, (x , ,***, x,-1,x, + U-A”-“, ,... x,_,(x) 
W’(x, ,..a, x,-,1 x, + 1)) 
< h(x). 
Since AkVX,...,l(x)= A’~,,~~~~~i(x)>/ 0 always, and =O if xi = 0 for 
i = k t l,..., n, and since V(x) IS nondecreasing in each component, it follows 
from the above inequality that 
A”-‘V x,...x,-, (x ,,...,X”-1, x,+ 1) A”-‘V 
- H(V(x I,.. .,xn-,rx,, t 1)) 
.,..J-l(X) <h(x) 
WV(x)) 
Keeping x, ,..., x,- , fixed in the above inequality, setting x, = t, and 
summing over t, = 0, l,..., x, - 1, we have 
A”-‘V x,...x,J4 
H(W)) 
An-IV x,...x, * (x , ,***, xn-2,X”. 1 + lr~n)--“-~Yr,...x~ ,(4 
= 
W(x)) 
< x W,,...,x,. ,rf,,). 
I,70 
Since V(x) < V(x, ,..., xnm2, x,-, + 1, x,), we have 
A”-*V Xl...X, -2 (x , ,...1 x, 2 3 X n--l + Lx,) A”-2Vx,...,,_,(x) 
- H(V(x I,..., x,-2,x,-, + Lx,,)) WV(x)) 
x,- I 
< 1 h(x I,... ,x”-,,f,,). 
I,=0 
Keeping x, ,..., x,-~, x, fixed in the above inequality, setting x, , = I,-, and 
summing over t,_ , = 0, l,..., x, , - I, we have 
A” ‘Vx ,... x,.,(x) X,+-l x,- I 
H( V(x)) 
< 1 2: h(x,,...,x,-2, I, ,, t,). 
I,_,‘0 I”- 0 
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Continuing in this way, we have 
This implies 
(6) 
x-i 
Q(&)) < Qt.?(x) + cl+ x 4th for b<x< X. 
I-- 6 
Thus 
+ i 
u(x) < v(x) ,< Q -’ Q@(X) + ~1 + 2 h(f) 
I 
, for 0 <x,< X. 
, 6 
Letting E 1 0, we have 
.v- i 
Q(f(X)) + ?’ h(t) , 
,la I 
for 6 < x < X. (7) 
In particular, (7) holds for x = X < b provided b is chosen as defined in (iii). 
Replacing X by x in (7) gives, finally, 
x-i 
This completes the proof. 
COROLLARY 1. Under the hypotheses of Theorem 1, if H = the identity 
mapping, then 
u(x) <f(x) ‘1;’ [ 1 + y; h(t,, q] , for xEN”. (8) 
‘I 0 
Proof It follows from (6) that 
Keeping x’= (x2,..., xn) fixed in this inequality, setting x, = t, and taking the 
product over t, = 0, l,..., x, - 1, we have 
v(X) < (f(X) t &) xij’ [ 1 + 2 h(t,, i)] . 
I,=0 
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Letting t’ + 0 and replacing X by .r as in the proof of Theorem 1. we obtain 
the required bound in (8). 
Remark I. In case$ is nondecreasing in each xi. we haveI=J 
Remark 2. For n = 1 and f(x) E constant, Theorem 1 reduces to the 
result of Hull and Luxemburg [ 21 (see also Beesack’s lecture notes 
[I, p. 981). The continuous analogue of Theorem I is due to LaSalle 141. 
Remark 3. For n = 3, Theorem I improves Theorem 3 of 1 IO\ and 
Corollary 1 is an improvement of 110, Theorem I ] and [ I I, Theorem 11. For 
n = 1, Corollary I improves the results of Miller IS, Lemma 3.21 and 
Sugiyama 113, Corollary 1. 
The following theorem is an improvement of Theorem 2 of Pachpatte and 
Singare [ IO 1. 
THEOREM 2. Lef u(x),f(x), h(x), H(r), Q(r) and Q- ‘(r) be defined as in 
Theorem I with H(r) subadditive and submultiplicative and let g(x). k(x) be 
real-valued nonnegative functions deJined on N”. If the inequality 
+ - i r-i 
u(x) Gf (x) + g(x) “ WI H 
,:a 
U(Y) + g(v) ;lb 42) H@(z)) 
I 
(9) 
holds for x E N”, then 
4-u) <fh) (10) 
‘~i(h(y)+k(y))H(f(y)) +‘~i(h(~~)+k(~~))H(g(~))( 
v-a I I’ a 
for 0 < .I- < b, where (i ) b E N” is chosen so rhar 
Q [ :; (h(y) + k(y)) Wf WI] 
? 
+ AL*i (h(y) + k(v)) H(g(y)) E Range(Q), - ?‘-.a 
for 0 < x < b. 
ProoJ Set 
r-i 
w(x) := u(x) + g(x) K- k(y) H(u( y)), 
,Tf 
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so u(x) < w(x) and H@(x)) ( H(w(x)). It follows from (9) that 
x-i x-i 
N-4 -g(x) -c KY) wJ(Y)) = u(x) a-(x) + g(x) ‘;’ H(W(Y))9 
,ea ,ili, 
r-i 
w(x) a-(x) + g(x) J;a (NY) + k(y)) H(w(Y)). 
For brevity, set b := h + k and V(X) := 2::: b(y) H(w(y)). Then 
w(x) a-(x> + g(x) u(x), 
A”u,(x) = b(x) Ww(x)) < b(x) WS(x) + g(x) u(x))* 
Since H is also subadditive and submultiplicative, 
A”u,(x) < 4x1 W.f(x)) + 4) Hk(x)) W(x)) 
= B(x) t C(x) H@(x)), say. 
Now by repeated summation and using LI~u,,.~~,~()I)= 0 if xi = 0 for 
i=k t l,...,n, we get 
= B ,(x1 + \‘ C(Y) H@(Y)) 
YYa 
x-i 
Set 
x - i 
V(x) := B,(X) t s;‘ C(y) H(v(y)), 
)?a 
so V(x) = B,(X) if any xi = 0. Then 
A”J’x(x) = C(x) W(x)) < C(x) W W)), o<x<x. (11) 
If one now proceeds as in Theorem 1, one gets 
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Setting x=X and then replacing X by x in the above inequality we have 
u(x) < w(x) <f(x) + g(x) 4x) <f(x) + g(x) %I 
<f(x) + g(x) Q ’ 
i 1. 
Q .$; (MY) + VY)) Wfo)] 
x-i 
+ ,Z6 (h(Y) + k(Y)) w?(Y)) 1 
for 6 < x < b, where b is chosen as defined in (i). This completes the proof. 
COROLLARY 2. Under the hypotheses of Theorem 2, if H(s) E s, then 
x-i 
4x) <f(x) + l?(X) x (h(y) + 4y))f (v) 
y=a i-i 
1 + ;< (h+k)g(t,,o , forxEN”. 
I 
(12) 
Proof: It follows from (11) that 
A” v,(x) < C(x) W>, o<x<x. 
Hence if we proceed as in the proof of Corollary 1, we obtain the desired 
bound in (12). 
Remark 4. Corollary 2 is an improvement of [ 9, Theorem 1 ] for n = I. 
Remark 5. For k - 0, the inequalities (10) and (12) reduce to the ine- 
qualities 
x-i 
1 
x i 
4x1 <f(x) +@I Q-’ y?fi W)H(f(y)) + xA h(y)H(g(y)) (13) y-0 I 
and 
u(x)<f(x)tg(x) (g; WfW)( 10; [ 1 + 2 W,&(d]) (14) 
I 
respectively. Inequality (13) extends a part of Theorem 1 of Pachpatte (81, 
which says mainly that 
0) <f @I + dn)p ( z; h(y) Wb9)) 3 n E N 
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implies 
n E N. 
y-o 
In fact, Theorem 1 of [8 ] can also be extended to n independent variables. 
Inequality (14) extends the results of Jones [3, Lemma 3) and Sugiyama 
[ 13, Lemma I 1. 
COROLLARY 3. Under the hypotheses of Theorem 2, ifg(x) = 1, k(x) 3 0 
and is not required to be submultiplicative, then 
x-i x-i 0) <f(x) + Q-' x W)Wf(y)) y-6 1 + x h(y) y=a I 
for 6 <x < b, where b E N” is chosen so that 
x-i 
Q [ ?’ h(y) H(f( y))] + za h(y) E Range(Q), 
,:a 
for 0 <x < b. 
THEOREM 3. Let u(x), f(x) and h(x) be defined as in Theorem 1 with 
f(x) nondecreasing in each Xi and let Q(s) E C[R + , R + 1 be nondecreasing 
with 
+.Q(MQ (f) fort-> 1 ands>O. 
Let H(s) E C[R+ , [ 1, cx,)] b e a strictly increasing, subadditive and super- 
multiplicative function. If the inequality 
holds, where H- ’ is the inverse function of H, then, for d < x < b 
where 
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G-’ is the inverse function of G and b E N” is chosen so thar 
x i 
\‘ h(y) E Range(G) 
,:a 
and 
for 6 < x Q b. 
Prooj Since H is subadditive, it follows from (15) that 
HW)) < fWx)) + Q Jza h(y) W(y)) . 
I 
Since HCf(x)) > 1 is nondecreasing, 
W(x)) 
~(s(,,,<l+Q 
H@(Y)) 
1 W-(Y)) * 
Define 
x-i 
H(u(Y)) w(x):= 1 h(y)-. 
,*-a W-(Y)) 
Thus 
and 
w(x) = 0 on xi = 0 for i = 1, 2 ,..., n, 
HW)) 
A”w,(x) = h(x) Hdf(x>>. (17) 
It follows from (16) and (17) that 
A”w,(x) < h(x)ll + Q(w(x))l. 
Thus 
(16) 
A “w,(x) 
1 + Q(w(x>) < h(x). 
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As in the proof of Theorem 1, we have 
Keeping x’ = (x, ,..., x,) fixed in this inequality, setting x, = t, and summing 
over t, = 0. l,..., X, - 1, we have 
x i 
G(w(x)) - G(w(O,x’)) < \’ h(f). 
,a 
This and G(0) = 0 imply 
w(x) < G-’ 
This and (16) imply 
W(x)) < H(f(x))(l + Q(w(x))) < &f(x ) ( 1t Q [G ' ( z; h(r)) ] ) . 
Since H is also supermultiplicative and increasing, H-’ is submultiplicative. 
Thus 
u(x) q-(x) H -- ’ (ltQ[G-'(2 h t))]). 
This completes the proof. 
Remark 6. For n = 2, Theorem 3 is very close to Theorem 5 of Singare 
and Pachpatte [ 121. 
Remark 7. For n = 1, the continuous analogues of Theorems 2 and 3 
are given in Theorem 1 of [6] and Theorem 5 of [7], respectively. 
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